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Thomas . G~.rLI vsot.Q, lcii nvers.ity

rhi;-s .c.-rch rcprc' :ec thi!~~;o of prev.iolus work in the arva of
t I i -:: It2ng -rv1r- z't. 

4
11 T'11. li.orv o-irframe prodtic timi. The effort is uniquei

j it L!I,.- i L _-itAL U~ lilu± OZ the roxuction proco, that cow-liders I.-ie m rip:
of ica;rni.: L.u pr. ductior EZatu2 onLo prog:-am co! fcs. To provide an eiiipivricnl.
tcest of !.1 I~iyt(- TMaranetors are cest-Im.ted f'or the C14'i. airframna m.
The cinpiricc1 -ctk is ins trtive i-. tha;t it liw o-w. pni-tscular care muw;f 1w'

takt.±n in ft. -ulati,=z mo~lc of tis t,;po. B ecause of daitn and policy con-Ai:er;i-
tjolls, Jr' irLiL*t " 0 p i7:1M rcpro3eflts a uniquc cmnpiricnl modeNling rl1rrrtI,,IitY
That is, d-tn is %-_ry often n:ot coe-piled by airfrnw per unitL Lille. lit fact,
for i~,~ ,~cn~ rt s c_~,Aledl fr "lots" of a1i. .r 'S~ L)~e varv:L'Ig ti.

tw ~ ~ of vi, -e~i~ OL dcfincd Lo be a qtnntity of airfr.mres
for cicli.'er- in a CIVE, 110inti, poriod . Previous resea rch 1141 '.has indJ c!,.rcd thant

ai;v t2:1-C 3. m!Cl "o. pri-dicting prorlrnnm cc,s;ts th-at does nuL cor:;idLcr tho
~pciai..,..a t e.. ttuOf Oie cde-.a can l.ead to serious errors in la t iwmtio.n ;n.

In~M.1i ~LsprC:~cr~euSc. of tsiccs data lessons in cestitinvn: Lhz: para .
of a moc. cl'a-'y oroundI:_- econo'cic thcory. 'Elis moade)1 rhou.cI be :c ~
uscfol au; rrlcyp for r.h]5OtF oilgou pru(4CitiI 1!pO: l

-it var be s~to es Iai i Cost 'L:akacL of ~oc~u !sin tfl'c p ci1--

* ~dc. ._: -y '.-ulc, 1te" i n "Stretch--outs" th~at faurt e:c

JYntrodliction

The~ A of coc.si :;lcti in the mil : ary airfrap. indsz~try 1.. ow-- Of
c.-.nU n.i,.;.s -'':, )--rrinms:. Coingrcssicnai concern and the need fur hb4. tx ipl1r-ill

c1~i' i; 'o~'cic~Urwiv :~ or tic riscarcl. in this vo~j . Ti'e n~ppronrhl

favored bY ihsC. ~ aN a" pruc'.c:eit i.' otie of cstirmatin;-, pnariuetriC cOi~t: Ud

TI:.T~: p~i~' ~ c.atmdC1 3 CXr I af n coF 1 asf -I funlction ()f otdy .1 fi ;ricia rt-
d C c~ -.* t'''I ia . I ''~ ode oftIen yv-id uo erul plaiiins, L!-L1,n:iLw:, !Ml-

Loa~g'. iad, ~s~:11~ the va!esmay prodiw.,_ tinate that canlf be. off fly
illul' :I~ ,' d, mI.. V- r , tile rc!l 13m.t :.n of ij~P o(Jcj,_ i~s tui r 61-
a~l .. .. pr d~c Ii.'r pl:-y e1,angcs:, vw.i~ [lunmy ocIMI Ir prior vo or duriit;

Lh~.1.. .* . I '~ l> i '11 '.1 V11611I tjjcr;e Jeill; blS, n~ od l ~:t le v '

ejl d ~...........l v b!:l Lt i ie rtanding of tho Parjtuv!: 111d ftorcevs LbtI1

i . r- - v "11- I iki i, 1 IILs :-:e
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Coll.; ad.',b ' '.~ l of !".,I h t~ic IN] :11: i and L ':. ill 1;.r!)t ill ally
a ir f r; i i i I r !),2 ri~.

Before proclue ril, a tLittative 1-rodictioil rsclicduilo is deve'loped to fwl p Ii
labor force plani i!,, LooLin,,, faci LiLy lived.-;, tho L-rdering of long lend timc
items, etc. hi'!- Carly period of rime is calle~d t-lin platining stage. This tenta-
tive product-*on svihedule is ;ig to cover the lifi' Of thll project, but the'
formal ag'*:akLbtwc(n Lhl!~vrnii ali'd the Con t raecor us-na Ji y covors; jii-,t
one ye-ar. i:,a re:i ~on i,. l iw.i :Mtfllal cong yes s onil fwading , Chiaili zgnaioa
needs, Or rtL*, rI. CYx 'OIeOUS -1 !:.C~h are70 CO.1 i unailt7y Vary I u 17 t hrut, iot LIleti I i f
of the pro e:-a . Tis puriio-: of chn.i:gsit liation L callo d tita producti~on
Period. T"-'* cS.',izC0 of thi., r.-carch -i. its abili11ty to eziptiwo th~e rel al ounsli p
betwoon toJpi '-ca.- cost :'nd ":oth oll ,-.,ois an.] o:genoue; pIrodut I en rate
chang!,es; du2 Lhis prograna liricid. Thicre is now E('ner.-i. agP'C1I1C-lt thaIt both1
learning n!proct icvo r~iLe chnies iUm)acV total progLra costs. Ili ihe fornc.'r
casc, it is usuaU~y assumcd that prouiLtion costs 47:1ll with c:umu1l.t.iVe prodiiction
experience. Ili the lattcr, the diroctioii and nc'gni tuc of the impa),ct on total
cost is less certain. Empirical studics have show.n that changes in production
rate may bce associated with increases, decreases, and no change in total program
COES t.

.Historical Perspective

TrzecL_--,iti~a1 ncoclasni cal econontic theory expi ere-- tlierltiohnbecv
cosCt PPJ 't~m rato. WIihe~mitz:v of V';: 's scnaj work l
dimnent':io~:.i added to the c-mpirlic a 1 St udy of. cost. T~ Spaper reprce'ts rhe

_oui0,L7 1:11n%, Of the -.)ogress function stud-ies t-:~ are2 prcvelant inl tihe
crioicz r'c; !iAt -"ttre. Thoc-- cna.,y cr-i-ticaring cost rt.,div saemed to prcscrt a

conrt:1tL ':a t:o converifl'm - Uncon~c hory. In -,f ; these stud i.t s, cost .n
';as C. func'tion Of cl!MlYi Liv~e output. .1e. e-'chb ~g iO5

Lti'LL !it co1SC:s clutput rnmt! is staltI'stically ini::!cant for cost predicricen
purpon! s F.'Vicre is a rcmarkabie shortngLe of 'it%,::: ;re that recoi:~ tl

probem or tt.cwPts to Iirik 0he traditional cconoru *,L ;- :-onch wit-h the indu2;L r~
engiuiceri 1; ;;pproiach. J.'arly researchern such as A: hc.- 3), Alcbiain [2, 31, lretoS(ll

& l'echic [I1, 01 (8], and Tirshlcifcr '[51 considerc-d r :-Ie problem in a.io1
Ectirisrical. -'.nshion, but their results,- in gcneral, lac- tcl rigor. Rosen 1).11

rc~i~nt-J t first atte:;p1t to solve the problecm di roe tiy. is work inchmdcd itlf
thC or--cczl !;pec:c N cation cif a mwarket structurc, the sta tement of a cr1it-orion
functlion, and q straiglifowa-d recurcsive solution to t1-'_ problem. Altholi~li
work is quite noteworthy, it stops short. of functional _- :.rms sufficiently preci:;c
for ciapirical es IAimcation.

The firrst real applcations oriented Integrato h eooi n cnicrr

in" 1ppro-cws caae wi Wi t~w. work of Washburn (121 and I- cner [13; 14; 15; 161 . Tho
prek-cit rt'scaix'h offort rc'prost-lits the rutinornnt or nl i_ re goiteral model fl(1 jF017
milhitLazry nir ii amrw, so hot. it: May !)L ulsed to expl i~ L't : prodiic tion and cot

hehl.vir ~.1 pari~cular a i fi'am:t project.

Thej C1 41 Prvgrawu

The& 1 1.,4I j pr'1:111 pi1r iI '.wo .! f Arrr:ift dii11i'lug th !I~t yeair pe~-riod from I'(~
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Da La for th , ,tudv 1 raw. u -ol r .-01;oIiLec'V:- 0 1. O r i , i 09-10.2] riport'
diiect yr n-;.,jur!; pr qu.irtr for oach ,of the, Lw 1'oVc lou; ihi (!,c C141 rrr.
Ile also r'2 ,- Lt ; d Livory 1:chcd 1l 1. ,L the airerlnfL y 10o11lh 19, 961. Or.,1ii.
att.r hutes L hC:;ke daLn to the Clh I Filln1c 1 14:n10:;c-0;t ,. lL m ituin iiod by tilt-

Air Force Plant Represenltative Officc locatcd at th Lockl'.d- eorgia fl-cili y.
iThe schedule of actual aircraft acceptances by month as reported in tle OASI)

(PA&E) publication Acceptance Rates znd Tuolin (..acity for Selected Military
Aircraft [41 w'as used to clce4 the Orsint delivery data.-

This fara, like much d.A:a on aircraft productiotl, provides labor hours for
a period cf tire (qunrterly) and dates and quantities of deliveries. Unfortulz:a.L1OV.
thef-c. is rVo avail: ble infor::aLJon whicii erlates output to tihe period of time over
which labr Dours are observed.

One a:proach to this problem, used by Or sini, is to make some assumption
about the p-ce of production on the program and aggregate the quarterly data
across lots. In addition to being arbitrary, this approach reduces 9]. potentiali
observations to 24.

Our a:proach to the data problem is to construct a detailed production model
of the aircraft to be delivered in any month. We then aggregate the model to
explain th!. data rather than the other way around.

Preliminary analysis of the data revealed. two additional data problems. r:irst,

there were t-;o instances, late in the program, where a small number of labor 1hcurs

were cx:c'-:cd on a lot of aircraft after the schechile indicated delivery. This
probably fs a si tuation where deliveries were cdde out of sequzznce. To re,..dy Cii s
problem the labor hours for' the last quarter of lots 9 and 10 were _,.,'-W.L. d ,i"h
those of The previous qt;arter. This reduced the number of observaLions by two.

Another problem is that in lots two through eight, delivery of the aircraft
seem:; to !.:z the last expenditure of labor hours by nn average oE four months. For
the oticr five lots labor hours are expended up to the last month of dellvvtry. To
overcome this problem, the deliveries of aircraft in lots two through eIgb, 1 were
advanced by four months.

With these adjustments eighty-nine observations on labor hours for twenty-four
quarters by twelve lots were used. These observations together with the number of
aircraft delivered each month constitutes the data for the study.

The Model

The model augments a homogeneous production funct'ion with a learniig hypoth',i;..
The discocnted cost of production is minimived subject to the production function
cons tra it ad the opt:tma. t'ine path of renource u.v;e Is derived. Cost i.n nvacred
in the unit, of the var1al,.e resource. The variables us;ed i.n the analysis are:
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z= fi n.l: ori a b l of A Irfl-rIluv; In 1.. s~amei lot- (j) aill 0!I whi ch

are Lu ho' dc1JvL:CrQ at tln2c t:.

iij tlia number of airfran; in batch i oP lot j.

E oa DmenMAIre of experience prior to beginning batch i, the cumulative
num.,ber of kirfraires to be delivered.

J-. i-I
i.e. , E ij E D hk+ r 1)h

k=lh It h=l h

t =date± work begIns for all tho batches of lot J.
j

qj (t) = production rate at tinie t on bachI f.'

Qi. (t) - curulative production on batchi i at time t,

t

t j

X Wt rate of resource use at time t on batch i.
ij

6=a parameter describing learning prior to batch i.

c - a parameter describing- learning on batCh I

y -a parar'oter des~cribing returns !.o the variable rc'sourccq.

(I=a paranteter associated with decreases in labor- p'roductivity as a

batch of airplanes nears comletlC-ioII.

StI-C discount rate

c discounted variable program costs

The productiun function is assumed to be of the following form

q. (t:) -A E Q Wt V. (t)t ( -t)a()
ii ij ii ii ij

where A is a cons'tant. The input -I is assumcd Lo be a comiposite of many iu~putn,
whose use rate is variable throughout the production 1period. The output rate
for any 1t-his related to the rrte of rvs:ource use, clnmlltive, output previous

to r.'~ i atid cumuiai-ve expcrience during tl.* prochiction of a gi.vll I)l.
The additiotiai factor ti 1 -t, is iticludcci to compcnLcceanesi ptd2l vit

L (lite to ch'! uIpro-uching; of batch delivery diate. This refleett; the gridually cli-rmAni g
taz.ks fr'~part- wizifactulriig, fabrication, asEscobjl y te! i. 'it Iuduing Lte 1)rodtc tion
proccs,

expe i ( NI:: l1Ji):a 1 ' h. avoi d: 11:!Vi ng to St:eI a di Lfe renit ]Vcin lill)gtiy~~ 1:; ;fIor (,,fell of tho vnr iahibla ;ur~i



AltI:;':h '.'0Ic j-ctive vF I! e f I w, r":: , I'.ri(I I of t IIf- Wu 1" ;1', .f time
contract, ca.e goal of niost cot'ract." i : to indtict. LhIo I fli to zminiu LzC di:;-
COTltd co5. The ,rubl.ml :,iay Ile Sltd a i:

U1 DI t~ 2
Min C Jx Z (t)c dL

j
J-1 i=] tj

6 C l/-yST: qi4(t) AEj. Qi.(L):..(ij()(L -0Y i 1., 2, . .j = 2, . i

Q (t D. 1, 2, n
Qjj ij) = Dj j 1 , 2, in3 13 j = 1, 2, •. ., m :

Qj (t.) - 0

Since total cost is monotone nondecreasing and the sub-problems nre additive,
the solution can be obtained by minimizing each of the sub problems. The
problem may then be stated as:

Min C' " f x (t)e-Ptdt
3 6 c l/-r a,(

ST: qi (t) AEia Qi. C(O). (t) (t -t)a

Qij (ti) D ii
Qi

This proi!-' is an ontimal control problcm which may be solved directly by
minimiziu the K1]m J tOrian function. However, the problem can easily be tr:!ns-
formed inftL the problem of Lagrange, whic'h can be solved using classical vari-
ational tzzhniques. At this point the redundant ij subscripts are dropped at
the insiSLcnce of our typist.

Solving the constraint for x(t) yields

x(t) - cly(t)A-YE-YSQ -YC (t) (t Ji.t)- Y (4)

We desire a transfor-a~tion yielding one state variable aud one control vnriabl(,
the control variable being the time rate of change of th state variable.
Let

-6 1-CZ(O) A- ,-Q -(L) I (-F.) (5)

) . AI -I L

- 6 -CA (t A Q-0 (10 C. (6)
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Z(t) ]%1 t ihe hr..'w St.t' , v iriaI), c . ,1 , its Lir, ,lc I . ,i\ , ;(t) %.I L! ! , rho,
Control vari;ibl . "orinl I I. th' ut w obj'c LivV fLu, L on.iL i vt-ttil'€.L, 1b,.-'w4) ng th,"

conzstraint, i.v., tile only cont.Lra ' L Oiw pvub .iot of a,;tgr:he.e '. th
boundary cnd tjont. Using (4) and (6) yield.; an xpres.ion for x(L) in terMs
of the new control varianbc.

z(t) = z .(t) (Lrij-t)-0 (7)"

Substitutin- into the obj4ctive functional and setting the boundary conditions
yields the transformed prh,!c11it.i

Min C' = f z(t)Iti-t)YC e-Ot (8)

tj

ST: Z(O)= 0

Z(tij= A-IE-.DI-1(1-C)

Since the intermediate function does not depend explicitly on the state variable,
the Euler equation is

=% Y-l(t)(Lj-t)- YePt = K (9)
z 0

Solving for optimal z(t) yields

z(t) - Kc (Lit ) y/(y-l) pt/ (y-3) (10)

This also provides a solution for the optimum t:ime path of resource usage.

KI t ij- r ay (y l e ( . ( )(11)

This optiza1- solution to the problem is only of transient 'significance since the
value of the constant K1 is unknown. What is needed is an optimal expression for
x(t) that is ill terms of the variablus and parameters of the original. problem.

To obtain the constants, notice that

Z(t) fI K1 (t.j -)cY/(Y-1)ePt/(Y-1)dt + K 2 (12)

Let V P(tij-t)/(y-l) then

Z(%,) K K('Y:! JYl(y-)e-v+Pt jl(y-])adv+K2  (13)P2

where J is the acoblan of the transformation.

X.iw u,(L:) = ,(t -L.)/('y-l)

and itt, ) " 0 awl choon;iin 0 and it as tic'. limitn or Integr.ation we. 1:ie

( .) K.. ,r cv'/(Y..I)e-\v(IV .I- K4  (1/i)
N4

~- --:I



7

and r ir. the incomnplete gamm~a futiction.

To satisfy the initial1 condition tha~t Zfu.(t~) 0, let

Z (u) 3 fl~p(t **t* L/y1, /y1+-izc~/y1 + 1ii()5

Also let.

-K 3=A E D (1~ rt.r)(~)cy(-):lI(16)

then Z. also~ satisfied the final condition

Z(t ) A7E D CM-F)

Also notc-, that.
ez~t, a 3 ( -)cy/ (y-l) -P(t -t)/(Y-)- (17)

z WK (-) C j y )-
3 (y- 1) Y-..4

substitutz.:,g for 1,3 yieclds

-1 -6J- -] -1 p (t 1 j t ) acy.+z(t) A E D (1-C) r [ - ,..~.+

CY-1) Y-l

SP(t.-) c~/yl P(tif)(1 )(8

This ftr~~to~fr- optivwui (t)falon- with .(10) provlees a direct solbution for

Sustituting for K 1in (11) yields the optimum time pathj of resource usu

x(t) -Y~ D()1e~Y (t -t1 ) +]

1y-) (Y-1)

cypt/(y-1) (9

Tis i~s the optimum time pith of resource use for any --Ivcxi b.-tci of airfraines.

SiIWO OUhe odata IWr'Sco Ld In the Cl 41..' study is rito ydatai, thc qu-it. ty
of ilt - wotsl ci be thc M1 ora l tovint of resur e c over a ciiarterly e' 11 J

*I. . c r I I' *I'V ii'atid 'n ig ~ror Owtc qm-ni rIrv i wi-1-r

,0. (1- kX() dL 0

............................. 4;



and usii% (11) L(w ititegral is 1
T k

X(k)X(Tr,) =fK Y(L c)Cty/Y-1)L YftI(/~ t(1
1 Ij

T,.

Let y =yp(t..-t)/(y-1), Lhcn.'.

1)vjT ) 1

(Y-1) Ypt../(Y-(22

if.tj T (-1
Notice that this is a form of the incomplete gn-mta function. Integrating yields

cyf(Y-1)+1
X(T )(T.) K e1k A. 1 YP

f(yp(t~j-Tt)/(Y-l) (V~y (Y-1)+1)-

r(Y"Pt..-'y(T ),y/y1+ (23)

Subs t--itUti:'. for K1I and performing the necesiaty algebri leaves an ex~pression

that represeciis the optiua.amount of resourcp use o'.er ain interval of time.

X.(Tk)-X.() k A-YE 1- D
.j k j iJ

r-Y Wt-t )/(y-1),ay/(Y-.)+1.)

ryt.,- / (Y-l) ,cYy/ (y-i)II) (24)

Powever, 1,cripc or thc nitture of the data it ip, Imposmnibl o to obs;erve the qwt. 11 ty
ou time -Ado *i of eqwmisLi oi (24.). !Whfat is. )b.;(rvab3c o re direct 10.11-110111-s por i t.
This u't th:m L i ohfservod quaimitIty is

wbr oi.re 11~'~ hd LchevS tit a I OU.



I To eztplore the applIcability of tile theoretical specification, tile pari-

meters in (!)arc estiuuited using Orsini's C341 data (9 1

Let,

1, (-E)- (P(Y- ) YaYIP_
0

and ~Zy(-)+

Then the r'udel may be restated as:

Z X (T )-N .(T) E )D. (EV

{rI i1 '-T,'2 ),,0 ij (25)

{rl[yp(t~jTk

Since the -.nthly delivery dates for each batch within each lot are kznown, it is
Ipossible Lo e-Sti-mati thc pa-rawmcters iin (25) using nonlincar least squares.

................ly, the valme of the Jiscount rate was assurcc1 to be 1%and the re-
mainin.- -aa=_-tors were estimated using 'Marquardts comproiie. Diagnostic
chocking- i ,--cnleed thajt the estimzate, s for C and! 6 were extvc'inely collinear. Th i:-
suggasts, t-.t an aiteuroative spcciLfication with! E restricted to lbe ential to 6

4oId Io Irat Also, the restriction that p = .1.0 wi.s relaxed, and p
estinatek siziulk7anccausly .-ith the other parameters in the model.

The rcsults of both regressions are presented in Table I. All1 of the ptnrnm:ctcr
estimates are significantly different from zero, and the signs agrc with npriori
expectations.- In particular, notice that the value of y is significantly greater
than one, in,_ carin.g that the production functicii does exhibit dccronsing r Airns
to the v~r4-Ile factor. The learning parameter is also cinnbistent wiLl) apricw-i
expectation.-. A 5c value of .272 is consiternt with nn 83% le.arning curve.

llow !ver, as fnr as thle o)ptim-um time pat h of resouirce use is concerned the
e!Stimate f. i yields a most inLerr-sting 1IlierprctetrojI. Notice in (25) thai1

is the avr'".mcnt in a gaiina f,,nclion. A gamma function it-th parnmeter 0, 3 .10
[-cen es a Limie pnth for resource use that is %.!~sts~ it?, our Ir~lolei((l o)f

J ahor pro <uc t iv i ly pit tern's for "l ot,;" of airfrn;cs;. Ti. mst rCi:v!;e r(!;ou Ire 11V'
r c.at :;.,i hicreao. lg rIav t rrom ti inc! t to all Iifleet i-i poiiivt, afI: cr wh~i ch it

coiiLiti; il Ito C' i ,;e, mit nt :1 decr( asin i ra o ugoii.1) -!ou (c i~g e c

of t~c~:cut. .i",e. TihIs CVV'III 0:i1 de-:*Li n. i hec:III:;( ;1:, tho dv'i i~riry cI~iLo'~ 1 1 iI.I

ONION----"**-* -. .t-<... . . . . _________________



there ar - ',e Liw. t . i' m Wtr., "L.;Li .l! ' j'roc . .i : tho.t *11*. lict I ,i lr Int ens.i ve.
The ,'orrt, . i: a pui:Lod of t. kr. n nr t! end of :t proj .ct :hv',.t !:,lhor c-.'t
is signif i' -ly r,, _tl . d

Table 1.

Parameter Estimates and Asymptotic Standnrd Errors

Parameter Estimate"s Pvr.-iw: ter Est:imatos

p = .10 p estimntd from ihc Data

Estimate Standard Error Estimate Standard Error

6.073 1.0607 5.839 1.0172
0

3.356 .1299 3.163 .5271

S=C .274 .0262 .272 .0271

y 1.080 .0004 1.011 .0004

p .100 * .049 .0096

MSE 3.92 x 160  MSE 3.9G x

Standard Er'or is not estimated since p is fixed.

ihi!- rese, rc1i represents one step forward in the quest for a more general

model of a-rframe production. It represents the first of several specific histori-
cal airfrar-e production programs that will be modeled in the near future. The goal

is to find ::-:re general iode! spccificationn that arc useful for produzcion pkiani!'g
and cost estination in the airframe industry.
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